Abstract: Convolution expression for partially coherent beams that are partially blocked by an opaque obstacle is derived in detail in a paraxial A B CD optical system. The examples are showed to how the formula can be applied to study the self-healing for different beams and different obstructions. In particular, this approach can be used to conveniently deal with any partially coherent Schell-model beams partially blocked by any shape obstacle. Furthermore, the self-healing ability characterization based on the similarity degree of intensity to intensity is proposed. Our method not only can be used to estimate the self-healing ability of beams in theory, but also can be applied to characterize the self-healing ability of beams in experiment. It offers a good and convenient method for investigating or comparing the self-healing ability of different beams, including fully coherent beams and partially coherent beams.
Introduction
In recent years, many attentions have been paid to the self-healing properties of nondiffracting waves for their potential applications [1] - [4] . For example, Garcs-Chvez et al. showed that the reconstructive property may be utilized within optical tweezers to trap particles in multiple, spatially separated sample cells with a single beam [1] . Broky et al. studied the self-healing properties of optical Airy beams and found the robustness of these beams in scattering and turbulent environments [2] . Fahrbach et al. have applied the self reconstructive property to the microscope [3] . McLaren et al. have found that the reconstructive property can be used to the quantum entanglement propagation [4] . The study on the self-healing is firstly confined to the fully coherent and nondiffracting waves, such as caustic optical beams [5] , Airy beams [2] , [6] , scalar and vector Bessel-Gauss beams [7] , [8] , optical ring lattice [9] , Pearcey beams [10] and optical pillar array [11] . However, many fields that are encountered in practice belong to partially coherent wave fields, such as those generated by multi-mode lasers or fields that have traveled through atmospheric turbulence. Comparing with the fully coherent beams, partially coherent beams have some advantage. It has been proved that partially coherent beams were less influenced by the atmospheric turbulence [12] - [14] . Partially coherent beams were applied to the ghost imaging [15] which did not exist for the fully coherent beams. The intensity distribution in the focal plane can be controlled by manipulating the coherence of partially coherent beams [16] . The novel propagation properties of optical coherence lattices was reported in [17] , [18] . The self-imaging of arbitrary partially coherent beams in graded-index media was demonstrated in [19] .
In contrast with the fully coherent beams, partially coherent beams with adjustable degree of coherence, provide extra degree of freedom and have many applications, such as optical trapping [20] , [21] , optical free-space communications [22] - [25] , imgaing [26] , [27] and so on. Partially coherent beams have novel properties, e.g. self-focusing [28] , [29] , self-splitting [30] , [31] and self-shaping [32] - [36] , and extend their applications. Very recently, Wang et al. extended the self-reconstruction to partially coherent beams and found that the partially coherent beam can reconstruct its intensity profile and state of polarization upon scattering from an opaque obstacle provided the beam coherence area was reduced well below the obstacle area [37] . To the best of our knowledge, less attention have been paid to giving a general method to effectively and conveniently study the self-healing of any partially coherent Schell-model beams obstructed by any obstruction. Here, we will give a convolution approach to study the self-healing of partially coherent Schell-model beams. On the other hand, the characterization of those beams's self-healing ability is important for studying or comparing different beams. Although a nice method was proposed to quantitative description of the self-healing ability of a beam [38] , their method was confined to theoretically study the fully coherent beams. In the present paper, we define a more general variable ε(z) which can be used to characterize not only the fully but also the partially coherent beam's self-healing and can be measured in experement. Based on the similarity degree ε(z), we will give the minimum reconstruction distance d min to estimate beam's self-healing ability.
The paper is organized as follows. Basic derivation for the convolution expression of intensity is given in Section 2 and two examples to illustrate this approach which is used to study the selfhealing of a partially coherent beam are given in the same section. The method of self-healing ability characterization is proposed and its application for investigating and comparing the selfhealing ability of different beams is showed in Section 3. The conclusions of the present paper are given in Section 4.
Theoretical Formulation
Let us consider a partially coherent beam with partially blocked by an opaque obstacle propagating close to the z direction into a ABCD optical system (see Fig. 1 ). The source plane is defined as the plane z = 0. The statistical property of partially coherent beams can be characterized by the cross-spectral density (CSD) which is defined as [39] W (r 1 , r 2 
where r i (i = 1, 2) is the transverse position vector, the star * means the complex conjugate, the angel brackets denotes the ensemble average and E is the electric filed. The propagation of a partially coherent beam can be expressed by the generalized Huygens-Fresnel integral
where the ρ i is the transverse position vector in the observed plane, k is the wavenumber with wavelength λ, T (r i ) denotes the transmission function of the opaque obstacle, W 0 (r 1 , r 2 , 0) is the CSD in the source plane. For a Schell-model beam [40] , it can be expressed as
where S(r i ) is the spectral density which equals to W 0 (r i , r i , 0) and μ(r 1 , r 2 , 0) is the spectral degree of coherence which depends on the source points r 1 and r 2 only through their difference r 1 − r 2 . Equation (2) can be expressed in an altered form as
with
For the convenience of integration, we introduce the following "sum" and "difference" coordinates [41] 
By substituting (6) and (7) into (4), one can find that
can be expressed in terms of their Fourier transforms as follows
By substituting (9) and (10) into (8) and after tedious integration, we can get the CSD in the observed plane as
whereμ(x) is the Fourier transform of μ(f)
According the definition of ensemble average intensity at one point ρ in the transverse plane [39] 
Equation (13) can be written in terms of the convolution form as
where ⊗ denotes the convolution. Equation (14) is the one of the most important results of this paper. It shows that the average intensity is the convolution of P (− ρ λB
. An analytical result can be obtained if the spectral density and the obstacle are analytical or a numerical result, by using the fast Fourier transform algorithm, can be got if the spectral density and the obstacle are very complicated and cannot be expressed in an analytical formula. Therefore, (14) provides a convenient approach to deal with the self-healing problem with all kinds of beams and shape of obstacles. Moreover, it is found that the average intensity is composed by two terms P (− As one example, we consider that a Bessel-Gaussian correlated Schell-model (BGSM) beam which is partially blocked by an opaque obstacle propagates in a paraxial ABCD optical system. The CSD of a BGSM beam in the source plane is defined as [33] 
where ω 0 denotes the beam waist size, δ 0 denotes the transverse coherence length, β is a real constant, J 0 is the zeroth-order Bessel function of the first kind. We use an absorbing wave function with Gaussian profile to characterize the opaque obstacle as
where σ 0 denotes the size of the opaque obstacle. By substituting (15) , (17) into (5) , we get the expression
By using (10), the Fourier transform of (18) is On the other hand, by using (12), the Fourier transform of the degree of coherence of a BGSM beam isμ
By substituting (19) and (20) into (14), we get the expression
1 ω
One can find from (21) that the source parameters ω 0 , δ 0 and the obstruction size σ 0 affect the beam intensity evolution. This is further illustrated by the numerical results. In these examples, we set λ = 632.8 nm. A = D = 1, B = z, C = 0. This means that the beam propagates in free space. Firstly, Fig. 2 shows the intensity evolution of a BGSM beam without and with an obstruction propagating in free space for different values of coherence length. One can find that the intensity evolution behavior is affected by the spatial coherence of light. When the spatial coherence of light beam in source plane is high, the defective beam needs a long propagating distance to reconstruct itself (the dark part in those figures). The reason is that the partially coherent Schell-model beam with high spatial coherence transversely spreads slower than that with low spatial coherence at the same propagating distance. Therefore, it needs long propagating distance to spread and fill the dark area behind the obstacle. Secondly, the influence of obstruction size on the intensity evolution is showed in Fig. 3 . One can find from this figure that the beam needs longer propagating distance with a big obstruction than that with a small obstruction. This is because that a big obstruction can block large transverse area of beam and the beam needs long propagating distance to diffract from bright part to dark part.
As the second example, we consider a cosine -Gaussian Schell-model (CGSM) beam is blocked by a sector-shaped obstruction. The CSD of a CGSM beam in the source plane can be expressed as [42] W 0 (r 1 , r 2 , 0) = S(r 1 )S(r 2 )μ(r 1 − r 2 ),
where n is the beam order parameter. Here, the obstruction is expressed as
where ϕ denotes the polar angle. By substituting (27) into (5), we obtain
Equation (30) is not an analytical formula and hence its analytical Fourier transform can not be obtained, but we can easily obtain the numerical result with the help of the fast Fourier transform algorithm. After that, on substituting from square of the modulus of (30)'s Fournier transform and the Fourier transform of (28) into (14) and performing the convolution, we can get the average intensity of a CGSM beam, partially blocked by an obstruction, at different propagation distance. This numerical calculation process is very vast, only several seconds with general personally computer. Fig. 4 shows the intensity evolution of a CGSM beam without or with an obstruction. One can find that the blocked CGSM beam gradually reconstructs as the beam propagates in free space by comparing the second row or the third row with the first row. One can also find that the beam with a larger obstruction (φ = π/3, the third row) needs a longer propagating distance to reconstruct than that with a smaller obstruction (φ = π/6, the second row). However, when those beams propagate to some distance, they look like very similar with each other (see the seventh column of Fig. 4 ). This means that the beam finishes its self-healing process.
Self-Healing Ability Characterization
As it was showed in above section, different partially coherent beams had different self-healing ability. Here, we define a variable ε(z) named 'similarity degree' to characterize the self-healing ability and it is expressed as
where I (ρ, z) and I (ρ, z) denote the average intensity without and with obstruction, respectively. The range of ε(z) is from 0 to 1( see the proof in the appendix). When ε(z) = 1, it means that the I (ρ, z) and the I (ρ, z) are the same, while ε(z) = 0 denotes that the I (ρ, z) and the I (ρ, z) are totally different. Since both function I (ρ, z) and I (ρ, z) can be measure in experiment and hence the similarity degree ε can be indirectly obtained by the experimental data. Therefore the similarity degree ε(z) also give a good way to characterize the self-healing ability in experiment which is different from the 'similarity' in [38] , [43] . Here, the similarity degree ε of the BGSM beam and the CGSM beam is investigated as the application of this method. Fig. 5 shows the variation of the similarity degree ε(z) of a BGSM beam along the propagation distance z with ω 0 = 2 mm, σ 0 = 0.5 mm, δ 0 = 0.2 mm, β = 5. One can find that it quickly increases before z = 0.4 m and after that it slowly goes up to unity. This behavior reflects the self-healing process. The BGSM beam is destroyed by the obstruction in the source plane and hence the obstructed beam does not look like the BGSM beam very much at initial propagating distance, but as the beam propagates (z > 1 m) the obstructed beam becomes more and more similar to the BGSM beam because of the self-healing effect. In order to see this similarity degree transparently, we plot the contour intensity of the BGSM without (the first row) and with an obstruction (the second row) for several propagating distances which correspond to the colored circles of Fig. 5 (see Fig. 6 ). The third row depicts the normalized intensity of the first row (in blue) and the second row (in red) along the cross line (x = 0). It shows the variation process of the similarity degree ε(z) of a BGSM beam and an obstructed BGSM from less similar (the first column, ε(z) = 0.905) to more similar (the sixth column, ε(z) = 0.9998).
The similarity degree ε(z) is also a function of the parameter δ 0 . Fig. 7 shows the variation of ε(z) as the beam propagation for different values of δ 0 with ω 0 = 2 mm, σ 0 = 0.5 mm. It is found that all the curves have the same origin which is because of the same intensity distribution and the same obstruction in the source plane for all the beams. Then, those curves with different values of δ 0 go up along different paths. The curve with small value of δ 0 grows faster than that with large value of δ 0 . This means that the beam with low spatial coherence needs a short propagating distance to reconstruct. This result agrees with that discussed in the previous section. If we define the minimum reconstruction distance d min as the propagating distance when the similarity degree ε(z) = 0.99, the self-healing ability can be characterized by d min . If a beam has a short minimum reconstruction distance d min , we can say that it has a strong self-healing ability, and vice versa. As shown in Fig. 7 , the minimum reconstruction distance d min for the beam with δ 0 = 0.2 mm, 0.7 mm, 1.5 mm is 0.35 m, 1.15 m, 2.52 m, respectively. Therefore, we can conclude that the BGSM beam with a low initial spatial coherence has a strong self-healing ability.
The minimum reconstruction distance d min can be used to compare the self-healing abilities of different partially coherent beams. The scheme is: first we set the same obstruction to partially block the beams and adjust the beam parameters to make sure that all the beams have the same initial value of similarity degree ε; second, we calculate the similarity degree ε(z) for different beams and determine the value of minimum reconstruction distance d min . At last, we can know which the beam has a strong self-healing ability by comparing their minimum reconstruction distance d min . As one example, we will compare the self-healing ability of a BGSM and CGSM beam. Fig. 8 shows the variation of ε(z) for a BGSM and CGSM beam with ω 0 = 2 mm, σ 0 = 0.5 mm, δ 0 = 0.2 mm, β = 5, n = 2. We used the same obstruction as in Fig. 5 . From Fig. 8 , we can determine the minimum reconstruction distance d min = 0.35 m and d min = 1.34 m for the BGSM and CGSM beam, respectively. Therefore, one can conclude that this BGSM beam has stronger self-healing ability than the CGSM beam with the same initial similarity degree.
Conclusion
In the present paper, we have derived the convolution expression for the partially coherent Schellmodel beams, partially blocked by an opaque obstacle, propagating in a paraxial A B CD optical system. The main result showed in (14) enriches our understanding the self-healing process for partially coherent beams. Namely, the self-healing of partially coherent beams can be thought as the beam's intensity with propagation is dominated by the coherent functionμ − ρ λB after some distance rather than the amplitude which is destroyed by the obstruction and hence, they can finish their self-healing process. As one example for applying the convolution expression to analytically study the self-healing of a BGSM was investigated. It was found that the self-healing process was affected by the spatial coherence of the beam and the size of obstruction. As other example for applying the convolution expression to numerically study the self-healing of a CGSM beam was showed. One can find that the size of obstruction obviously affects the self-healing process. To characterize the self-healing ability of beams, we introduced the similarity degree based on the intensity to intensity. We applied the similarity degree to characterize the self-healing of the BGSM beams and found that those beams with a low spatial coherence needed short minimum reconstruction distance which meant that owned a strong self-healing ability. We also applied the similarity degree to compare the self-healing between the BGSM beam and the CGSM beam. It was found that the BGSM beam had a strong self-healing ability comparing with the CGSM beam under the same condition. There is a predictable planing that the similarity degree is used to describe the self-healing ability in experiment for choosing optimal beams application to the optical communication, imaging and trapping and so on.
